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Abstract

The laws of quantum mechanics have exposed a whole new canvas for com-
putation. Quantum computation allows us to exploit the vast Hilbert space
for computation. The quantum circuit model has been extensively studied
in quantum computing. In 2001, A new model of quantum computation was
proposed by Briegel and Raussendorf, where quantum computation is imple-
mented by only applying single qubit measurements in a cluster state. This
paper aims to introduce both one-way quantum computation and the gen-
eral notion of quantum computation. At the end we will see whether one-way
quantum computation is a viable model of universal quantum computation,
by comparing one-way quantum computation model with quantum circuit
model.
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1 Introduction

’Every existing general model of computation is effectively classical’, stated
David Deutsch in 1985, such that at any instant the state of the information is
measurable [1]. 30 years later today, the statement still holds true in general.
Indeed, computational power has exponentially increased as predicted by
Moore’s law accordingly, but Moore’s law simply comes from the observation
of number of transistors could be integrated into a single chip through the
years, neglecting the physical factor of the transistors themselves. As they
become smaller and smaller, quantum effects have become more and more
imminent. Even at this point, quantum effects have started affecting the
function of these electronic devices [3]. It is true that current computers
do operate under the laws of quantum mechanics, as the behaviour of all
physical systems are governed by the law of quantum mechanics. Yet it is
wrong to assume that current computers are quantum computers, as these
laws are only exploited at hardware level (e.g. transistors) but the internal
state of the computers do not exploit the operations and transformations of
quantum mechanics [2].

Revisiting the statement made at the start, the fact that every current
computation model allows measurement of its internal state suggests that
these computational models follow the same mathematical framework as
classical physics, such that the state of a physical system is deterministi-
cally measurable at any instance. Quantum mechanics has proven this to be
untrue. Physical systems are governed by the non-deterministic, randomly
probabilistic or stochastic quantum measurement theory. In simple words,
these computation models still adhere to the false framework of physics.
Classical computers have shown some difficulty in simulating general quan-
tum systems, due to the fact that complex numbers needed to describe these
systems generally grow exponentially [3].

Even without touching on the subject of quantum mechanics, naturally
there are problems that classical computers simply cannot solve. From com-
putational complexity theory, one of the most basic complexity classes is P.
The P class consist of problems that are solvable in polynomial time, such
that the running time of the algorithm run on a classical computer that solves
that problem grows polynomially according to input size. Problems that are
not in P class tend not to be solvable in polynomial time and thus suggests
that they are almost unsolvable in classical computers due to the extremely
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long running time or no polynomial time solution [4, 7]. One of such prob-
lems, aside from quantum mechanical problems, was turbulence simulation,
as suggested by Shor [4].

The limitations that classical computation possess was the key to a new
paradigm of computing, where the mathematical framework is based upon
quantum mechanics. This was the realisation that quantum computing could
be the future of computing. To add to that, once quantum computers are
fully realised, we could truly see quantum mechanics working in our everyday
life.

2 Aims and Objectives

The main aim of the project is to show that one-way quantum computation
or measurement-based computation is a viable framework for quantum com-
puting and in application can possibly be a more practical implementation
of quantum computation in comparison to quantum circuit model.

Quantum computing is a product of the intersection between quantum
mechanics and theoretical computer science. Before converging into the realm
of one-way quantum computation or measurement-based quantum computa-
tion, fundamental ideas in quantum computing must first be expanded, such
as how a qubit behaves, the mathematical concept of qubit itself and how
quantum computing is conceptually different from classical computing. The
laws and rules of quantum mechanics are still applied, therefore a complete
understanding of quantum computing also requires fluency with quantum
mechanical laws and behaviours.

Currently, quantum circuit model is the widely used framework of the
quantum computation. To understand the theory of quantum computation
gaining a firm grasp of how quantum circuit model operates is a crucial
first step in the project. In analogy to classical computing is built upon
classical circuit, quantum computing is constructed from quantum circuits
consisting of wires and quantum gates [3]. Hence, understanding the action
of quantum circuits is the main first step. With a better perspective on the
underlying mathematical concept of quantum circuitry, any quantum circuit
can be simplified into a set of unitary operators acting on a quantum state,
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thus transforming the input quantum state.
Moving towards measurement based quantum computing (MBQC), with

more understanding of the operations of quantum gates, the next logical step
is to break these gates into their simplest unitary operations and therefore
enables the replication of the operations with combination of single bit ro-
tations. Applying quantum measurement theory, qubit rotations could be
achieved by measuring qubits in a certain rotational basis, up to a correc-
tion factor. Euler’s rotational theorem plays a major role in this process, of
combining these rotations to possibly replicate the operation of a quantum
gate.

Combining together all the ideas and understanding. A better picture of
how a MBQC system behaves and operates can be drawn. Then, a side-by-
side comparison of MBQC and circuit model can be made.

3 Foundations of Quantum Computation

3.1 Qubit

In 1983, Feynman put forward the idea of a quantum mechanical computer in
effort to study the limitations of classical computers by asking how small can
you possibly make a computer [5]. Two years later David Deutsch introduced
a quantum model for computation, which consisted of a finite processor and
an infinite memory of which only finite portion is used, with additional op-
erations on top of the classical (Turing) operations. These operations are
unitary transformations of a single two-dimensional Hilbert space [1]. To-
day, the widely used model for quantum computation is the quantum circuit
model.

Analogous to classical computing and its fundamental element, bits, quan-
tum computing relies on quantum bits or qubits. As DiVincenzo stated in his
article, qubits can be simplified as classical bits shrunk to quantum (atomic)
scale, defined by wavefunctions [7]. As classical bits could take the value of
1 or 0, qubits could be in a state of 1 or 0 or a superposition of both. Unlike
in classical bits where the state of bits are specified by the current or volt-
age input, qubits can defined by the polarisation of photons or the spin of
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a particle [9]. Below are the basic qubit states for quantum computing, also
known as computational basis state [3]. The states |0〉 and |1〉 are defined as,

|0〉 =

(
1
0

)
|1〉 =

(
0
1

)
(1)

And as stated earlier, qubits can exist in a superposition of both of these
basic states, defined by the wavefunction,

|ψ〉 = α|0〉+ β|1〉. (2)

Where α and β are complex numbers. Thus the general state of a qubit
is a vector in a two-dimensional complex vector space or Hilbert space and
the states |0〉 & |1〉 form an orthonormal basis to this vector space [3, 10, 9].
Similar to the quantum mechanical concept of wavefunction, the values of α
and β define the amplitudes of the wavefunction. From quantum measure-
ment theory, it is understood that the values of the amplitudes define the
probability of the state, such that |α|2+|β|2 = 1, where |α|2 is the probability
of measuring the qubit in state |0〉 and |β|2 is the probability of measuring
the state in |1〉.

Aside from the numerical concept of a qubit, a geometric representation
of a qubit has proven to be crucial in understanding rotational operations
of a qubit. From the amplitude identity of |α|2 + |β|2 = 1, Eq. 2 can be
rewritten as [3],

|ψ〉 = cos
θ

2
|0〉+ eiφ sin

θ

2
|1〉. (3)

The values of θ and φ are real and they define a point on the three-
dimensional spherical qubit representation, namely known as Bloch sphere,
as shown below,
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Figure 1: Bloch sphere representation of a qubit.1

Picturing a single qubit as in such geometrical format is useful in order
to illustrate the process of unitary rotation of a single qubit, which will be
the backbone of MBQC itself, as it relies upon the connecting single qubit
rotations in a defined pattern to create a single qubit arbitrary rotation
around a Bloch sphere.

Naive observation of the Bloch sphere could lead to the deduction that
due to the infinite number of points on the sphere means that an infinite
number of information could be stored into a qubit [3]. Counter-intuitively,
a qubit could only represent an infinite number of informations as long as
no measurement of its state is applied. But once a qubit is measured, it can
only represent a single state or represent a single unit of information. This
is due to the quantum mechanical nature of a qubit, such that a quantum
system could exist in all of its states, but will collapse to a single state when
measured or perturbed by a non-quantum system.

In classical computing, computation are done on strings of bits. Similar
to strings of bits in classical computers, qubits could also exist in a ’string’
form, yet its property differs from that of classical string of bits. A classical
string of n bits could exist in one definite state of the possible 2n boolean
(true or false; 0 or 1) states of x = 0000...0 through 1111...1 [7, 9]. A string
of n qubits is described by [9],

1Bloch sphere [Online image] (2012). Retrieved April 19, 2016 from
https://commons.wikimedia.org/wiki/File:Bloch Sphere.svg
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|ψ〉 =
1111...1∑

x=0000...0

cx|x〉. (4)

Where cx is a complex number which describes the amplitude of state |x〉.
In accordance to Eq. 2, cx fulfils the condition of amplitudes of a quantum
state, such that

∑
x |cx|2 = 1 and each state |x〉 has the probability of |cx|2. A

state of n qubits could therefore exist in a superposition of all corresponding
classical states described earlier. Looking back at the dimensionality of a
qubit, a state of n qubits has a dimensionality of 2n in the Hilbert space,
such that an n-qubit state is described by 2n number of amplitudes. This is
where the rifts between quantum computing and classical computing exist,
the exponentially large dimensionality of said space in comparison to the
linearity of the expansion of space as the size of a classical system increases
[3, 9, 7]. For example, to store all the complex coefficients or amplitudes a
quantum system of just n = 50 qubits, would require 250 or about 1.26×1015

unit of memory. This extremely large dimensionality of space holds a large
potential for the improvement of computational power [3].

3.2 Quantum Circuit Model

Any model of computation, quantum or classical, relies heavily on mathemat-
ics. Circuits, aside from the actual physical realisation of circuits in classical
computation, is a model of computation device. Classically, circuits are made
of wires that carry information in the form of bits. While logical gates, such
as NOT, AND, NAND, OR and XOR perform simple computational task on
the bits [3].

Similarly, quantum circuit model is a way of thinking about quantum
computations in the same terms as classical circuits. In simpler terms, it
is in a way, classical representation of quantum computation. The funda-
mental basis of quantum circuit model was presented by Feynman in 1983
[5], the general model of quantum gates were finalised in 1995 [11]. To this
day, quantum circuit model still remains as major contributor to the study
of quantum computation. Thus, quantum circuit model has been the foun-
dation of quantum computation, hence to study a new model of quantum
computation, firm grasp on quantum circuit model is essential.
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The three main parts of a quantum circuit are quite comparable to those
of a classical circuit. Quantum circuits are based on wires, which is a rep-
resentation of the flow of information in the form of qubits with respect to
time, but does not necessarily corresponds to physical wire [3] and quantum
gates, which transform qubits by applying unitary operation and also mea-
surements, as the state of any qubit is not defined until measured and that
measurement also changes the state of entangled qubits. The last two will
be very important in MBQC.

3.2.1 Unitary Operations

To fully understand the operations of quantum gates is crucial in the process
of replicating these operations with measurements only in the later stage.
Single qubit operations are the simplest operations in quantum computation.
These operations are defined by 2 × 2 unitary matrix operations defined as
[11],

U =

[
U00 U01

U10 U11

]
. (5)

The main operations are the Pauli matrices, σx = X, σy = Y, σz = Z [3],

X =

[
0 1
1 0

]
Y =

[
0 −i
i 0

]
Z =

[
1 0
0 −1

]
. (6)

These operators play a major role in quantum computation, as they act
similar to simple logic gates in classical circuit.

X|0〉 = |1〉 X|1〉 = |0〉 (7)

Z|0〉 = |0〉 Z|1〉 = −|1〉 (8)

Y |0〉 = i|1〉 Y |1〉 = −i|0〉 (9)

X operator, which bears similar operation as classical NOT gate, is also
known as bit-flip operator and the Z operator is known as the phase-flip
operator. Y is a combination of both, with a factor of i. On top of these,
Nielsen and Chuang [3] also listed three other important operators along with
the Pauli matrices,

H =
1√
2

[
1 1
1 −1

]
S =

[
1 0
0 −i

]
T =

[
1 0
0 ei

π
4

]
. (10)
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Where H is a Hadamard operator, S is a Phase gate and T is a π
8

gate.
Throughout this paper, H gate will be used extensively. H operator is a
rather interesting operator. It is the combination of the Z and X operators
with a factor of 1√

2
,

H =
X + Z√

2
=

1√
2
·
[

1 1
1 −1

]
. (11)

H gate also transforms a qubit by applying a π
2

rotation around the x-z plane
of the Bloch sphere, so that applying it to a qubit in the computational basis
would rotate the qubit to become an x-basis qubit,

H|0〉 =
|0〉+ |1〉√

2
= |+x〉 H|1〉 =

|0〉 − |1〉√
2

= |−x〉 (12)

Aside from quantum logical gates, qubits can also go through rotations,
defined by,

RP (θ) = e[i
θ
2
P ], P = {X, Y, Z} , (13)

where the rotational angle is defined by θ and P corresponds to the Pauli
operators defined in Eq. 6.

Physically, these unitary operations are the result of time evolution of the
time-dependent Schrödinger’s equation,

i~
∂

∂t
|ψ(t)〉 = H|ψ〉 (14)

where H is the Hamiltonian operator of the Schrödinger’s. This suggests
that the solution to the Schrödinger’s equation is,

|ψ(t)〉 = e−iHt/~|ψ(0)〉 (15)

therefore, a time-dependent unitary operation Ut acting on a wavefunction
can be defined as,

Ut = e−iHt/~ (16)

as Hamiltonian operator describes the Energy eigenstates of the wavefunction
E [3, 10],

H = EP (17)
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P represents any of the Pauli matrices, defining the eigenstates of the energy.
The exponential in Eq. 16, can be rewritten as e−iEPt/~ and Et/~ = Φt, thus
Ut can be written as,

Ut = e−iΦtP (18)

Taylor expansion of the equation above gives,

Ut(Φt) =

(
1− Φ2

t

2
+

Φ4
t

24
+ ...

)
1− i

(
Φt −

Φ3
t

6
− Φ5

t

120
+ ...

)
P (19)

where 1 is the identity matrix. Using trigonometric identities this simplifies
to,

Ut(Φt) = cos Φt1− i sin ΦtP (20)

in matrix format,

Ut(Φt) =

[
cos Φt − i sin ΦtP00 cos Φt − i sin ΦtP01

cos Φt − i sin ΦtP10 cos Φt − i sin ΦtP11

]
. (21)

Pnm represent the elements of the Pauli matrix. This suggests that unitary
operations described previously are special cases of Ut(Φt)–up to a global
phase, which is known to be unimportant in computation [3]; or a combi-
nation of different Ut(Φt) concatenated. For example, an X operation is a
solution of this matrix when Φt = π

2
and P = X or σx. Going back to the

Bloch sphere representation, Ut(Φt) describes a Φt rotation on a qubit around
the axis of P.

3.2.2 Quantum Gates

In quantum circuits, unitary operations are simply represented as,

U

Figure 2: A quantum gate of single qubit unitary operation U.
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where U is any of the operations defined in Eq. 6, 10 and 13. This is an
example of a single qubit gate. Below is an example of a simple, single qubit
circuit.

|ψ〉 H X X i|0〉

This circuit corresponds to the operation XH|ψ〉 and a measurement in
the computational basis or z-basis at the end. To ease the process of showing
which basis the qubit is measured, the following gate symbol will be used to
define measurement,

X i|0〉

Figure 3: Z-basis measurement in a quantum circuit.

where i ∈ {0, 1} such that when the qubit is in |0〉, i = 0, and when the
qubit is in |1〉, i = 1 or X|0〉, as defined in Eq. 7. Different measurement
basis or projectors could be applied to the measurement, such as Zi|+〉, since
Z operator acts similar to a bit-flip operator to x-basis qubits. In quantum
mechanical term, this is defined as applying a projective measurement on a
quantum state [3],

Pm|ψ〉√
p(m)

. (22)

Where Pm = |ψproj〉〈ψproj|, the measurement operator, with |ψproj〉 as the
state after the measurement and p(m) = 〈ψ|Pm|ψ〉, is the probability of
measuring the qubit in that projected state. For example, when measuring
in the computational basis, the projected states are simply the eigenstates
of Z, |0〉 and |1〉. Similarly in the other general basis X and Y . Qubit going
through measurement will be reduced by Eq. 22 to a measurement outcome
state.

Quantum gates are not only limited to only single qubit operations or
gates, Barenco et al. suggest that there could be up to n-qubit gates, simu-
lated by a number of n′-qubit gates, where n′ < n [11]. So a large n-qubits
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gate can be simulated with smaller gates. In this project, the extent of our
concern are only to 2-qubit gates.

A single qubit unitary rotation is a 2-dimensional operator, thus a 2-
qubit gate is a 22-dimensional operator. In 1995, Barenco et al. introduced a
generalised format of n-qubit gates [11], ∧m(U), where m defined as (m+1)-
qubit or m = n − 1, where n is the number of qubits the gate operates on.
∧m(U) is defined by the matrix,

∧m(U) =


1m+1 . . 0

.
.

0 . . U

 , (23)

where 1m+1 is the identity matrix in m+ 1 dimension and U is a single qubit
unitary operation. In the case of a 2-qubit gate of 22-dimensional operator,
where m = 1,

∧1(U) =


1 0 0 0
0 1 0 0
0 0 U00 U01

0 0 U10 U11

 , (24)

this is also known as a controlled -U gate. In quantum circuit model, this is
represented as,

|ψ1〉 •

|ψ2〉 U

Figure 4: Controlled-U: 2-qubit quantum gate.

It operates on a 2-qubit system, |ψ1〉|ψ2〉, on the basis that the first, qubit
|ψ1〉 controls the operation on the second qubit |ψ2〉. The operation is defined
as,

If |ψ1〉 = |0〉, |01〉 ⊗ |ψ2〉 If |ψ1〉 = |1〉, |11〉 ⊗ U |ψ2〉. (25)
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So that the unitary U on the second qubit is only applied when |ψ1〉 = |1〉.
One of the main examples of a 2-qubit gate is the CNOT gate or UCN . The
gate UCN is defined by ∧1(X),

UCN = ∧1(X) =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 , (26)

represented by the gate,

• •

=

X

The logical property of a UCN is similar to that of classical XOR gate,
where the bit-flip operation on the second qubit is controlled by the first
qubit. If the first qubit (control qubit, |ψc〉), is in |0〉 state, nothing happens
to the second qubit (target qubit, |ψt〉). But if |ψc〉 is in |1〉 state, X operator
will be applied to |ψt〉, thus flipping the qubit state. In bra-ket notation, this
operation is defined as,

UCNOT = |0〉c〈0|c ⊗ 1t + |1〉c〈1|c ⊗Xt, (27)

This is just a small example of a multiple qubit gate, there are numerous
more ways of implementing multiple qubit gates.

With all of these gates, there are limitless possibility of more complex
quantum circuits to solve quantum algorithms

3.2.3 Universality of Quantum Gates

According to DiVincenzo[7], any unitary transformation in the 2n-dimensional
Hilbert space on n-qubits can be decomposed into a set of universal gates
or universal operations applied schematically to the n-qubits and that any
unitary operations on can be thought as universal gates of quantum computa-
tion. Therefore, for any any single qubit transformations, all qubit rotation
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gates obviously belong in the universal gates set. For two-qubit transfor-
mations, Barenco et al.[11] suggests that almost any single ∧1(U) defined in
Eq. 24 is universal. DiVincenzo suggests that a ”2-qubit XOR” (CNOT gate)
is an option for a two-qubit universal gate [7]. From this, it is clear that any
unitary transformations in a n-qubits system can be constructed from only
single qubit rotation gates and CNOT gates.

3.3 Measurements on Qubits

The measurement outcome of a quantum system is stochastic, meaning that
measuring a qubit in a quantum circuit would provide a non-deterministic
outcome. This is due to the intrinsic randomness of quantum mechanics.

To prove this, take the measurement outcomes of a Bell state |Φ+〉 =
1√
2
(|00〉 + |11〉). Bell states are special in quantum computing, as the mea-

surements of the two qubits are completely random, yet still correlated, which
can only be explain through entanglement.

The circuit below allows us to create a Bell state from a |0〉1 ⊗ |0〉2.

|0〉1 H •

|0〉2

Applying an H gate to the first qubit changes the basis of the qubit
into, H|0〉 = |+〉, then entangling both of the qubits with a CNOT gate,

(|0〉c〈0|c ⊗ 1t + |1〉c〈1|c ⊗ Xt) |+〉c|0〉t, giving |00〉+|11〉√
2

. Measuring the first

qubit in z-basis would give two outcomes, |00〉 and |11〉 with 50% probability
each. Other than that, the state of the second qubit in the circuit has also
been affected by the measurement, where it is no longer in a superposition
of |0〉 and |1〉.

|+〉1 • X i|0〉

|0〉2
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Measuring the second qubit in the same basis as the first measurement
after the first measurement,

|+〉 • X i|0〉

|0〉 X i|0〉

would give outcomes of |0〉 and |1〉 with 100% probability for |0〉 if the
outcome of the first measurement was |00〉 and the same with the outcome
state |1〉 if the outcome of the first measurement was |11〉. Thus giving 50%
probability in total for both. Although the outcomes are random, there is
still a correlation in both the first and second measurement. Yet, correlation
in stochastic measurements is a special case. In this case, we also see that
measurement of one qubit could affect the state and outcome of another qubit
in the circuit.

With this, it is proven that measurement in quantum computation is
probabilistic.

4 Measurement Based Quantum Computation

4.1 One-way Quantum Computation

In 2001, Raussendorf and Briegel proposed a new model of quantum com-
puting, where information is transferred by performing an order or a pattern
of single qubit measurements, thus being ’measurement based’, in a certain
basis alone, on a specific entangled state of large number of qubits, called
cluster state. The outcome of the computation which consists the results of
earlier measurements are passed on through onto the final qubit of the cluster
state [6].

As the name suggests, unlike quantum circuit model, where the operations
are reversible, due to the fact that operations in quantum circuit are unitary.
By applying the Hermitian conjugate of the operation, U †, the state after
operator U applied on it, |ψU〉 = U |ψ〉 can be brought back to the initial
state, U †|ψU〉 = |ψ〉, since UU † = U †U = 1 and unitarity preserves the inner
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products of the qubits [3]. In one-way quantum computation, computations
on a cluster state are non-reversible as projective measurement on a qubit is
irreversible and once the required measurements have been carried through
the cluster state, a new cluster state must be prepared since entanglement
between the qubits are destroyed due to measurements, such that the cluster
state itself becomes an exhaustible physical resource of the computation [8,
12]. Thus, to repeat a certain computation, every measurements has to be
repeated again on a new cluster state. Thereby as the name suggests, it is
only one-way.

The main advantage of one-way quantum computation is that it allows
universal quantum computation due to the fact that the computation itself
does not depend on quantum gates, only measurements in different basis.
From these measurements, any quantum gates could be replicated. There-
fore, different algorithms only require different pattern of single qubit mea-
surements on a specific cluster state [13].

4.2 Cluster State

The underlining concept of a cluster state is the graph state. A graph state
is an entangled state of numerous qubits, in which all the qubits are already
prepared in a specific state, in most general cases the qubits are in superposi-
tion |+〉 state, an eigenstate of Pauli operator X [6], such that the initial state
before entanglement looks like |+〉1⊗|+〉2⊗|+〉3...⊗|+〉n. The entanglement
interaction between the qubits are produced by applying a Controlled-Z or
CZ operation between each qubits [12], defined by ∧1(Z),

UCZ = ∧1(Z) =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1

 , (28)

or in a simpler bra-ket format,

UCZ = |0〉c〈0|c ⊗ 1t + |1〉c〈1|c ⊗ Zt, (29)

Where c and t represents on which qubit they operate on, where c and t are
control qubit and target qubit respectively. The quantum gate representation
of CZ is,
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• •

=

• Z

This operator is applied on every pair of qubits in the state [12]. The
figure below gives a graphic representation of a graph state.

Figure 5: A graph state is made of n-qubits where each qubit is entangled
to its neighbours. The dot represents a qubit and each of the edges represent
the CZ operator applied between the two qubits.

Cluster state is defined as a graph state in an n-dimensional square grid,
as shown below.

Figure 6: A cluster state is made of n-qubits where each qubit is entangled
to its specific neighbours. This figure shows a 5× 5 cluster state.
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These states can be created using quantum circuit, for example a simple
linear graph state of 4 qubits, such as

Figure 7: A 4-qubit linear graph state.

can be produced by a rather simple quantum circuit below.

|+〉1 •

|+〉2 • •

|+〉3 • •

|+〉4 •

The circuit above simply applies a CZ gate between the qubits. There-
fore, a larger graph or cluster state can be produced by the same method.

4.3 Single Qubit Measurements in a Cluster State

The very essence of one-way quantum computation or MBQC is measure-
ments. Measurements allow the propagation of information and computa-
tion through the cluster state [6]. As shown in Section 3.3, measurement
of a qubit in an entangled state can affect another qubit entangled to the
measured qubit. Expanding the notion to a larger scale, where measuring a
single qubit in a 5× 5 cluster could affect the state of the other 24 entangled
qubits.

How measurements could propagate information through a cluster state
can be represented by looking at a single qubit teleportation circuit [14],
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|ψ〉1 • H X i|0〉

|0〉2 Zi|ψ〉

where |ψ〉 is an arbitrary input state α|0〉 + β|1〉. With this circuit, the
arbitrary state is teleported to the second qubit with a by-product factor of
Zi which depends on the measurement outcome.

Another interesting property of a Hadamard or H gate is that it could
swap X and Z gate, such that HZH = X and HXH = Z. This allows the
decomposition of the CNOT gate to a CZ gate with 2 Hadamards.

|ψ〉1 • H X i|0〉

|0〉2 H • H Zi|ψ〉

To further simplify the circuit, the two Hs on the second qubit can be
’removed’ by applying one to the initial state |0〉 and the other can be absorbed
into the outcome. On the other hand, the H on first qubit can be included in
measurement with the following property. A measurement operator consists
of |ψ〉〈ψ|, as defined in Section 3.2.2. Applying a unitary U onto the projector
would give, U |ψ〉, thus the measurement operator becomes U †|ψ〉〈ψ|U . This
is the same as projecting onto U †|ψ〉 [14].

U X i|0〉 = U †X i|0〉

Since the Hermitian conjugate of H is itself,

H X i|0〉 = HX i|0〉
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This could be further decomposed from HX i|0〉 to HHZiH|0〉, using the
identity between H,Z and X mentioned earlier. As HH = 1 and H|0〉 = |+〉,
this now becomes Zi|+〉. The previous circuit can now be simplified as,

|ψ〉1 • Zi|+〉

|+〉2 • HZi|ψ〉

This bears a striking resemblance to the circuit previously discussed cir-
cuit for the preparation of a cluster state, that is because it is the circuit
for a 2-qubit linear graph state with a measurement on the first qubit, if the
initial arbitrary state was to be set as |+〉.

Measuring just on the standard basis has its limitation, as it does not
allow the arbitrary rotation around the Bloch sphere to occur. Yet, rotation
can also be replicated in measurements. Taking the previous circuit and
applying a Z-rotation, RZ(θ) on the first qubit,

|ψ〉1 RZ(θ) • Zi|+〉

|+〉2 • HZiRZ(θ)|ψ〉

Since RZ(θ) and Z commutes, as they are of the same Pauli matrix, Z.
The rotation could be moved past the CZ gate.

|ψ〉1 • RZ(θ) Zi|+〉

|+〉2 • HZiRZ(θ)|ψ〉

Again, the Z-rotation could be absorbed into the measurement by tak-

ing its conjugate. Since RZ(θ) = e[i
θ
2
Z], the conjugate is simplyR†Z(θ) =

RZ(−θ) = e[−i
θ
2
Z]. The circuit now becomes,
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|ψ〉1 • RZ(−θ)Zi|+〉

|+〉2 • HZiRZ(θ)|ψ〉

This shows that measuring in a rotated basis rotates the teleported qubit.
If this was to be applied to a cluster state of |+〉 qubits,

|+〉1 • RZ(−θ)Zi|+〉

|+〉2 • HZiRZ(θ)|+〉

and this is how computation and operations are propagated through a
cluster state.

4.4 Measurement Patterns - Arbitrary Single Qubit
Rotation

Euler’s theorem states that any rotation in a three-dimensional space, such as
the rotation of a qubit in a Bloch sphere, could be decomposed as a product of
three rotations along two orthogonal axes. This suggests that any single qubit
rotation in a Bloch sphere can be decomposed into U = RZ(θ)RX(φ)RZ(γ)
[6, 8, 12, 14]. Unlike in circuit where rotation could just be applied to a
single qubit, measurement method requires 4 qubits in a graph state.

Concatenating three copies of the previously discussed circuit in Section
4.3 [14],
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|ψ〉1 • RZ(−θ)Zi|+〉

|+〉2 • •
RZ(−φ)Zj|+〉

|+〉3 • • RZ(−γ)Zk|+〉

|+〉4 •
HZkRZ(γ)HZjRZ(φ)HZiRZ(θ)|ψ〉

i, j, k ∈ {0, 1}

Thus, by just applying three measurements in rotated basis, the unitary,

U = HZkRZ(γ)HZjRZ(φ)HZiRZ(θ) (30)

is implemented. As one might have noticed, there are a series of Pauli by-
products along with factors of Hs in between the outcome. These by-products
can be permuted through, thus leaving them to the end of the operations.

4.4.1 Permutation of By-products and Adaptive Measurement

Due to the stochasticity of the by-products of the outcome of the measure-
ments, the desired outcome state only has 1/8 probability. To have a deter-
ministic outcome, the measurement must be made adaptive, meaning that
the next measurement is adapted by the previous measurements [14].

First, there are two permutation rules that needs to be followed, Pauli
operator permutation rule and Clifford group permutation rule [14].

Pauli permutation rule is based on the commutative relations of Pauli
matrices. Take p and P as two operators, if they commute, then pP = Pp.
If the two operators anti-commute, then pP = −Pp. This rule is applicable
to rotations and Pauli operators. For example, RZ(θ)Z = ZRZ(θ), but
RZ(θ)X = −XRZ(θ) which also equals to XRZ(−θ).

Clifford group is a set of unitaries that map Pauli matrices to Pauli ma-
trices, such as CNOT, CZ and H.

CP1C
† = P2 (31)
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where C is a Clifford gate and P1 and P2 are two different Paulis. For
example, HXH = Z. Rearranging the identity gives,

CP1 = P2C (32)

Taking the previous example, HX = ZH. This is the permutation rule of a
Clifford group and a Pauli.

Now applying these rules to the unitary from the measurements, defined
in Eq. 30. First moving all the by-products to the end,

U = XkZjX iHRZ((−1)jγ)HRZ((−1)iφ)HRZ(θ) (33)

now, removing the two H in the middle by absorbing it into the second
rotation,

U = XkZjX iHRZ((−1)jγ)RX((−1)iφ)RZ(θ). (34)

Measurements after the first is made adaptive, by taking the bit equivalent
of the measurements, so that if the first measurement outcome is the desired
state, then i = 0 or if not i = 1 and so on for every measurements that come
after. Such that, taking θ = α, (−1)iφ = β and (−1)jγ = η would give,

U = HRZ(η)RX(β)RZ(α). (35)

which has the same function as the circuit,

|ψ〉 RZ(α) RX(β) RZ(η) H

.

By applying the correct angle values, any single qubit rotation can be
replicated, to a global phase factor. Here, it has been proven that it is possible
to apply arbitrary single qubit rotation by implementing measurements in a
rotated basis.
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4.4.2 Implementation on a Cluster State

Figure 8: Shows how the measurements implemented on a 4-qubit linear
graph state.

As the figure above shows, to implementing the measurements in a linear
graph state requires the same pattern as shown before. For a computa-
tion with multiple operations, the scale of the linear graph state could be
expanded to allow all the measurements to take place. For example a 2
consecutive operations would require a 7-qubit linear graph state, thus the
outcome state from the figure above goes through three more rotations and
the 7th qubit would be have the required operations acting on it.

4.5 Two-Qubit Gates in MBQC

To have the full universal gates set, a two-qubit gate is required. But as
described in Section 4.2, the qubits in a cluster state are already interacted
through CZ gate, which is a two-qubit gate. Thus CZ gate is built-in to the
system [14]. Therefore, to achieve different two-qubit gates, measurements
on individual qubits can be applied before and after the CZ gate. A possible
cluster state for different two-qubit gates is shown below,
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Figure 9: Possible cluster state for a two-qubit gate.

The CZ gate between the third qubit on the first linear state and the
second qubit on the second linear state is what allows two-qubit gate oper-
ation to take place. As MBQC can replicate both single-qubit operations
and two-qubit gates [8], MBQC is a universal quantum computation model
[8, 13].

5 Simulation of Measurement Based Quan-

tum Computation

A simple Mathematica programme was written as a simulation to the con-
cepts introduced in MBQC and to study how errors in measurements and
imperfections in the preparation of cluster state would affect the outcome.
In this section, most of the pre-defined functions are not shown, to have a
thorough view of the simulation, refer to Appendix 9.1.
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5.1 Preparing a 4-qubit Linear Graph State

Figure 10: Code from Mathematica to simulate the preparation of a 4-qubit
linear graph state.

The simulation starts with 4 qubits in |0〉 state, |0〉⊗|0〉⊗|0〉⊗|0〉. Applying
H operator, defined as Had in the programme, on all the qubits to give
|+〉 ⊗ |+〉 ⊗ |+〉 ⊗ |+〉. In q4LinEntg, CZ gates are applied between them to
produce entanglement between the qubits. q4LinEntg2 serves as a method to
check if the state produced by the simulation is correct, as it should produce
a state of

|C4〉 =
1

2
|+〉1|0〉2|+〉3|0〉4 +

1

2
|+〉1|0〉2|−〉3|1〉4+

1

2
|−〉1|1〉2|−〉3|0〉4 +

1

2
|−〉1|1〉2|+〉3|1〉4.

(36)

This state was defined by Raussendorf, Browne and Briegel [8] to be the state
of a 4-qubit linear cluster state.

The output of q4LinEntg does match the expected state, as shown below.
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Figure 11: Output of the preparation simulation, the first output comes from
q4LinEntg and the second output comes from q4LinEntg2.
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5.2 Adaptive Measurements of 4-Qubit Linear Graph
State

Figure 12: Mathematica simulation of both randomness in measurement
outcome and adaptive measurement patterns in MBQC.
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This simulation takes in the prepared graph state from the previous section
and applies the measurement patterns described in Section 4.4. The rotation
operations simulated here are,

U = XkZjX iHRZ [(−1)j(−π)]RX [(−1)i(−π
2

))]RZ [−π] (37)

as defined by α, β, γ in the simulation. These measurements should give an
outcome state of

HRZ(π)RX(π/2)RZ(π)|+〉. (38)

Here, pn are the projectors of each measurement, while bn represents the bit
equivalent of each measurement outcome and cn defines the measurement
correction value. mRn holds the state after the measurement. The function
psicheck serves as a checking method, such that if the simulation produces
the desired outcome, |〈ψout||ψcheck〉|2 = 1. The function stochasticOutputEntg

is pre-defined to apply the projectors defined by pn randomly, thus giving
random outcome.
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Figure 13: Output of Stochastic Measurements.

As shown in the figure above, the outcomes of the first and second mea-
surement are not the desired state, proving that measurements are indeed
random, but due to the adaptive measurement, the outcome is still deter-
ministic as the output of ||ψout〉〈ψcheck||2 is 1 as shown at the end. Different
angles were used in the simulation, the result remained the same.

5.3 Errors and Imperfections in MBQC

Measurements cannot always be constant or perfect, especially when dealing
with measurements in the atomic scale of physical qubits such as single pho-
tons in a laser[14] or neutral atoms in optical lattices [12, 13]. Imperfections
in the initial cluster state could also occur if CZ gate was not applied prop-
erly between the qubits. Referring back to Eq. 21, the ’angle’ Φt depends on
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energy E and time t, which experimentally means applying a certain energy
for a certain period of time. Any error in these two factors would lead to a
’flawed’ operation, which could produce imperfectly prepared cluster state.

To see how errors and imperfections affect the outcome of MBQC, the
fidelity of the quantum states, F between the outcome state and the expected
state can be calculated. Fidelity is the measurement of the distance between
two quantum states, not in the sense of physical distance but the distance
between the distributions of the quantum states in the Hilbert space [3]. The
simplest method to calculate the fidelity of two quantum states is to calculate
|〈ψ2||ψ1〉|2, such that if |ψ1〉 is identical to |ψ2〉, |〈ψ2||ψ1〉|2 = 1

5.3.1 Error in Measurements

Figure 14: Simulation for error in measurements.

This simulation models the possible errors that occur during measurements
due to inaccurate measurement control over the rotation of the projectors.
The angles of the measurement projectors are given percentage error values
ε ranging from 0 to 100% error. The linear graph state is measured by the
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same measurement operators defined in Section 5.2. The psic1 serves as
a checking factor as it is the expected outcome if measurements are of full
accuracy. The fidelity is calculated by applying the output with the error
with psic1. The simulation produced the graph below,

Figure 15: Fidelity affected by error in measurements.2

Another simulation was run for a different set of angles, where α = 0,
β = π/2 and γ = π/2, the result was almost similar,

Figure 16: Fidelity affected by error in a different measurements.2
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In both cases, fidelity starts to drop below 0.9 as error rises to around
20%. Meaning that up to around 20% error in measurements, the outcome
still retain up to 90% of the information of the expected state.

5.3.2 Imperfections in Cluster State

Figure 17: Imperfections in the preparation of cluster state simulated in
Mathematica.

In contrast to the previous simulation, this simulation models errors in the
initial state, hence the computation will be inherently erroneous. This sim-
ulation attempts to replicate the imperfections that could occur during the
preparation of a cluster state where errors ε are applied to the CZ gate,
where in this case the Z gate is reduced into a Phase operator, set at π

2
, and

Z-rotation operator, set at an angle of π, to accommodate errors. Again,
psic2 is the function used for calculating fidelity. In this case, the angles of
the measurement projectors are set to π,π/2 and π assuming that there is
no error in measurements. The relationship between the imperfections and
fidelity is shown in the graph below,

2The values for the graphs are included in the Appendix 9.2.
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Figure 18: Fidelity affected by imperfections in the cluster state.3

The fidelity decreases in the similar pattern as the previous graphs, At
100% error the state cannot be measured any more since the CZ gate no
longer operates.

6 Discussion and Conclusion

6.1 Implementation of Quantum Computation

One of the main objectives of quantum computing is to build a quantum
computer, defined by Ladd et al. [15] as a machine that could truly exploit
the many-particle quantum system to solve computational problems.

A quantum computer must allow accessibility and manipulation of the
qubits, but the qubits must be isolated to retain the quantum properties [3].
This proves to be problematic experimentally, which will be discussed in the
next section.

The requirements of a quantum computer are concisely listed in [3, 15].
Both suggest that in quantum computation, the system must be isolated
from the rest of nature, so that fragile quantum information is not disturbed
by informations from the outside leaking into the system, therefore it can
still be represented properly. Second, that it must be able to access the
vast Hilbert space of the qubits with only finite operations. Next, it must

3The values for the graph are included in the Appendix 9.2.

37



allow preparation of inital state, for example a certain polarisation state
of a photon [13, 15] or trapped atoms of different energy levels [15]. Last
and most importantly, that it must allow the measurement of output of the
computations.

Some possible systems for MBQC are optical lattice, where neutral atoms
trapped in periodic potential and one of the recent method, through cavity
quantum electrodynamics. Neutral atoms in optical lattice could efficiently
generate cluster state by superposing these optical lattices, allowing the neu-
tral atoms in them to interact with the neutral atoms in the other lattice for
a certain time [14, 12].

6.2 Limitations of Quantum Computation

The main concern in any quantum computing system is decoherence. De-
coherence occurs information from outside the quantum system disturbs it.
Thus, the quantum system loses its coherence or quantum properties.

One of the requirements stated earlier was that the system must be ac-
cessible and manipulatable, but also isolated from the surroundings. Taking
account decoherence from the previous statement, a quantum system acces-
sible to us, means that it is accessible by its surroundings, therefore there
is a potential for quantum noise or decoherence. To find the balance be-
tween isolation and accessibility is a challenge itself. This is why photons are
preferred in some cases, as they are relatively free of decoherence [15].

The scalability of a quantum computer is still currently limited. At this
stage, quantum computation system requires lasers and optics for photons,
cryogenic to make neutral atoms and more complex equipments to list. For
quantum computers to be scalable, these instruments must be made scalable
first [15].

In [13], they have found that there are a few challenges with the optical
approach to MBQC. These are, the means to generate cluster states on de-
mand, fast feedforward of measurements outcome for adaptive measurements
and scaling up the cluster state.

6.3 Universality and Viability of MBQC and Quantum
Circuit Model

The universality of both models have been discussed earlier. In quantum
circuit model, universal gates set is utilised to achieve universal computation
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[11]. On the other hand, MBQC requires no universal gates, it is inherently
universal due to the fact that any operations could be replicated through
different patterns of measurements [8]. Indeed, MBQC seems methodically
simpler, but it requires the preparation of a cluster state and as shown in
Section 5.3, it requires accurate measurements as well. Although, Walther
et al. [13] stated that one-way quantum computation methods are more
resource efficient than quantum circuit model.

6.4 Conclusion

Studying both models of quantum computation has offered two different ways
of thinking about quantum computation. Both quantum circuit model [11]
and MBQC [8, 13] are universal, therefore any quantum algorithms can be
solved using any of the models.

While quantum circuit model has more of the classical notion of compu-
tation, where a qubit passes though wires and goes through logical gates.
MBQC offers a more quantum mechanical approach by applying stochastic
quantum measurements on a large entangled qubit states. On top of that,
it is understood that MBQC uses physical resources consisting of qubits to
perform the computation.

Yet, we have not reached a point where these computers are commer-
cialised due to their scalability both in hardware and in the system itself.

Even with its great potential, it has been shown that MBQC can produce
erroneous computation due to inaccuracy in controlling measurements or
preparing the cluster state.

There are improvements that could be made to this project if time con-
straint was not a factor. Mainly, to further study the different implemen-
tation methods of MBQC on top of the theoretical groundwork, to provide
more information on the efficiency and accuracy rate, thus providing more
numerical data for the project. But so far, the project has provided a compre-
hensive and concise insight into quantum computing, especially on one-way
quantum computation.
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9.1 Mathematica Simulation of MBQC
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◼ �����������������
These are the ket states, where k0 = �, k1 = �, kxp = + and so on. 

�� = {{�}� {�}}� �� = {{�}� {�}}�
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These are bra states of the kets above
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��� = ���������[���]� ��� = ���������[���]�

��� = ���������[���]� ��[�_] �= ������������������[�]�

◼ ���������
Standard gates: Identity, Z, X, Y and zero matrix to build different gates later. The function mP is 
simply to ease the process of (not having to type ‘KroneckerProduct’ all the time) modulus product 
of 2 qubits. 
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◼ �������������
Single Qubit Gates: Hadamard, Rotational gate which takes α as angle and ‘gate’ as any of the 
Pauli gates. 

��� = (� / ����[�] (� + �))� ���[����_� α_] �= (���[α / �] ��) - (� ���[ α / �] ����)�

��[�_] �= {{���[� �]� �}� {�� ���[� �]}}�

������[����_] �= ���������[-� α ����]�

Two Qubit Gates

Creates any two qubit control gate according input gate ‘G’ (defined in Matrices section).
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�����[���[�� ��]]

{{�� �� �� �}� {�� �� �� �}� {�� �� -ⅈ� �}� {�� �� �� ⅈ}}

◼ �����������������������

proj function simply creates a projector operator and outputState could give the output after measure-
ment.  prob measures the probability that state would be measured. stochasticOuput allows one to 
produce random ouput after measurement. 

����[��������������_] �= ���������������������������������[��������������]�
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(*�������� �� ��� ��������� ����������� ������

������� �� ��� ����� �� �������� �����*)

�����������[���������_� ����������_] �=

(����[���������]�����������) / ����[����[���������]�����������]�

(*��������� �� ���� ��� ��������� ����������� ��� ���������� �� ������

�����*)

����������������[���������_� ���������_� �������_] �=

(*��[����[�����������������]>=����[�����������������]�*)

��[����[���������� �������] > ����������[�]�

�����������[���������� �������]� �����������[���������� �������]]

(*���[����[�����������������]>����������[�]�

�����������[�����������������]������������[�����������������]]]*)

(*���������������� ����� ��� ��������� ������ �� �����������

�� ���� ����� ���� ���������� ��� ����������� ��� ����

������ ������ ��������� �� ���� ��� ������ ������*)

Just to prove stochasticOutput works
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���� = ����[�] / � ��[��� ��] + � / � ��[��� ��]

�� = �����[����]�

���[� = �� � <= ����� �++�

��[[�]] = ����������������[��[��� ��]� ��[��� ��]� ����]]

���������������������� = �����[��� {{�}� {�}� {�}� {�}}]

���������������������� = �����[��� {{�}� {�}� {�}� {�}}]


�

�
� {�}� {�}� 

�

�


���

���

����������������������������������

◼ �������������������
To create a 1/Sqrt[2]  �� + ��Bell state, we could start with 2 �qubit, transforming one of 

them with a hadamard gate, then entangling with a CNOT

���� = �����[�]���[(������)� ��]


�

�
� {�}� {�}� 

�

�


Projector to two qubits Hilbert Space is the tensor product of projected Eigenstate with the 4x4 
Identity Matrix

Probability of first Qubit in Ket[0] and output state

����[��[��� ��]� ����]

�

�

�����������[��[��� ��]� ����]

{{�}� {�}� {�}� {�}}

Probability of first Qubit in Ket[1] and output state

����[��[��� ��]� ����]

�

�

���� = �����������[��[��� ��]� ����]

{{�}� {�}� {�}� {�}}

Probability of second qubit in Ket[+] and output state

����[��[��� ���]� ����]

�

�
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�����������[��[��� ���]� ����]


�

�
� 

�

�
� 

�

�
� 

�

�


����[��[��� ��]� ����]

�

��������������������������
Simple 2 - Qubit Graph State

��� = �����[�]���[���� ���]�

���� = ��[������[�]� ��]����

�����������[��[(�������)� ��]� ���]

����������������[��[���� ��]� ��[���� ��]� ���]

���[�� �� / �]����[�� ��]���


ⅇ-ⅈ α

�
� 

ⅇ-ⅈ α

�
� 

ⅇⅈ α

�
� -

ⅇⅈ α

�



�

�
� 

�

�
� {�}� {�}

{�}� 
�

�
� {�}� -

�

�


-
ⅈ

�
� -

ⅈ

�


4 - Qubit Linear GraphState Construction

Start with ���� state 

�������� = ����������������[��� ��� ��� ��]

{{�}� {�}� {�}� {�}� {�}� {�}� {�}� {�}� {�}� {�}� {�}� {�}� {�}� {�}� {�}� {�}}

Apply Hadamard To All and apply CZ between all
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�������� = ����������������[���� ���� ���� ���]���������� ����

��������� = ����������������[�����[�]� ��� ��]�����������������[��� �����[�]� ��]�

����������������[��� ��� �����[�]]���������

���������� = � / � (����������������[���� ��� ���� ��]) +

� / � (����������������[���� ��� ���� ��]) +

� / � (����������������[���� ��� ���� ��]) +

� / � (����������������[���� ��� ���� ��])

����


�

�
� 

�

�
� 

�

�
� -

�

�
� 

�

�
� 

�

�
� -

�

�
�


�

�
� 

�

�
� 

�

�
� 

�

�
� -

�

�
� -

�

�
� -

�

�
� 

�

�
� -

�

�



�

�
� 

�

�
� 

�

�
� -

�

�
� 

�

�
� 

�

�
� -

�

�
�


�

�
� 

�

�
� 

�

�
� 

�

�
� -

�

�
� -

�

�
� -

�

�
� 

�

�
� -

�

�


���������������[���������_� ����������_] �=

(��������������������) / ����[��������������������]�

��������[���_� �������_] �= ����[�����������]���

ϵ = �����

�� = ���������������[

����������������[����[���[�� -�� * (� + ϵ) ]����]� ��� ��� ��]� ����������]�

�� = ���������������[

����������������[��� ����[���[�� -�� / � * (� + ϵ) ]����]� ��� ��]� ��]�

�� = ���������������[

����������������[��� ��� ����[���[�� -�� * (� + ϵ) ]����]� ��]� ��]�

���� = ����������������[���[�� -��]����� ���[�� -�� / �]�����

���[�� -��]����� �������[�� ��]����[�� �� / �]����[�� ��]����]�

���[������������������[����]���]�� // �

{{��������}}
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����������������������������������

��� = {�� ������ ����� ���� ���� ���� ���� ���� ���� ���� ���� ���� �}�

��� = �����[��]�

α� = ��

β� = -�� / ��

γ� = -�� / ��

����� = ����������������[���[�� α�]����� ���[�� β �]�����

���[�� γ�]����� �������[�� -γ�]����[�� -β�]����[�� -α�]����]�

���[� = �� � <= ��� �++� (ϵ = ���[[�]]�

���[[�]] = ���[������������������[�����]����������������[

����������������[����[���[�� α� * (� + ϵ) ]����]� ��� ��� ��]�

���������������[����������������[��� ����[���[�� β� * (� + ϵ) ]����]�

��� ��]� ���������������[����������������[��� ���

����[���[�� γ� * (� + ϵ) ]����]� ��]� ����������]]]]�� // �)]

��� = �������[���]�

���� = ���������[{��� * ���� ���}]�

���������[�����

������������� → {����� {������ �� ������������(%)�� ����������}}]

������������[����� ���� → �����

����� → ����� ���������� → {������ (%)�� ����������}�

��������� → ������� �� ����� �� ������������ ����(��π/��π/�) �� �������� �]

����� �� ������������(%) ��������

� ��

��� ��������

�� ��������

��� ��������

��� ��������

��� ��������

��� ��������

��� ��������

��� ��������

��� ��������

��� ��������

��� ��������

��� �����
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�����������������������������������������

���� = {�� ������ ����� ���� ���� ���� ���� ���� ���� ���� ���� ���� �}�

���� = �����[��]�

α� = ��

β� = ��

γ� = ��

����� = ����������������[���[�� α�]����� ���[�� β�]�����

���[�� γ�]����� �������[�� -γ�]����[�� -β�]����[�� -α�]����]�

���[� = �� � <= ��� �++� (ϵ = ����[[�]]�

����[[�]] = ���[������������������[�����]�

(���������������[����������������[����[���[�� α� ]����]� ��� ��� ��]�

���������������[����������������[��� ����[���[�� β� ]����]� ��� ��]�

���������������[����������������[��� ��� ����[���[�� γ� ]����]� ��]�

����������������[

�����[��[�� / � * (� + ϵ)]����[�� �� * (� + ϵ)]]� ��� ��]�

����������������[��� �����[��[�� / � * (� + ϵ)]����[

�� �� * (� + ϵ)]]� ��]�

����������������[��� ��� �����[��[�� / � * (� + ϵ)]����[

�� �� * (� + ϵ)]]]��������� ]]])]�� // �)]

���� = �������[����]�

����� = ���������[{���� * ���� ����}]�

���������[������ ������������� → {����� {�������������� (%)�� ����������}}]

������������[������ ���� → �����

����� → ����� ���������� → {������ (%)�� ����������}�

��������� → ��������� ��� �� ������������� �� ����� ������]
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�������������������������������������������������

��������������������[���_� ���_� �����_] �=

��[��������[���� �����] > ����������[�]�

���������������[���� �����]�

���������������[���� �����]]

����������[���������_� �������_] �=

��[��������[�������� ���������] == �� ��

�]�

(*������ �� �� ��������*)

α = -���

β = -�� / ��

γ = -���

�� = ����������������[����[���[�� α]����]� ��� ��� ��]�

�� = ����������������[����[���[�� α]����]� ��� ��� ��]�

(*���������� �� ��� �����������*)

��� = ��������������������[��� ��� ����������]

�� = ����������[���� ��]

(*������ ����������� ��������

�� �������� ������� ��� ����������� �� ��� ������� �����

��� ��� �������� ��������� ⩵ �� �� �� �� � =�� �� ��� �=� *)

�� = (-�)�(��)

(*�������� ����� ��� �����*)

�� = ����������������[��� ����[���[�� (�� * (β)) ]����]� ��� ��]�

�� = ����������������[��� ����[���[�� (�� * (β)) ]����]� ��� ��]�

��� = ��������������������[��� ��� ���]

�� = ����������[���� ��]

�� = (-�)�(��)

�� = ����������������[��� ��� ����[���[�� (�� * (γ)) ]����]� ��]�

�� = ����������������[��� ��� ����[���[�� (�� * (γ)) ]����]� ��]�

��� = ��������������������[��� ��� ���]

�� = ����������[���� ��]

�� = (-�)�(��)

�������� = ����������������[

���[�� α]���[�� ⩵ �� ��� �]����� ���[�� (�� * (β))]���[�� ⩵ �� ��� �]�����

���[�� (�� * (γ))]���[�� ⩵ �� ��� �]����� ��[�� ⩵ �� ��� �]���[�� ⩵ �� ��� �]�

��[�� ⩵ �� ��� �]��������[�� -γ]����[�� -β]����[�� -α]����]

���[������������������[��������]�(���)]��

(*����� �� ������� �� ��� ���� �� ��������� �� {{�}} ����� ��� �������*)
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9.2 Tables of Values for Graphs

Figure 19: Table of values for graph in Fig.15.
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Figure 20: Table of values for graph in Fig.16.
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Figure 21: Table of values for graph in Fig.18.
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